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Within the two-band model of superconductivity, we study the dependence of the critical tem-
perature Tc and of the isotope exponent α in the proximity to an electronic topological transition
(ETT). The ETT is associated with a 3D–2D crossover of the Fermi surface of one of the two bands:
the σ subband of the diborides. Our results agree with the observed dependence of Tc on Mg con-
tent in A1−xMgxB2 (A=Al or Sc), where an enhancement of Tc can be interpreted as due to the
proximity to a ‘shape resonance’. Moreover we have calculated a possible variation of the isotope
effect on the superconducting critical temperature by tuning the chemical potential.
Keywords: MgB2; Al1−xMgxB2; Sc1−xMgxB2; critical temperature variations; isotope effect; Van
Hove singularity; electronic topological transition.
Partial substitution of Al or Sc for Mg in the sim-
ple ceramic compound MgB2 is known to be detrimen-
tal for superconductivity1,2. Viewed from the oppo-
site perspective, the enhancement of Tc with decreas-
ing Al content 1 − x in Al1−xMgxB2 from ∼ 2 K for
x = 0.5 to Tc = 39 K for x = 1 has been interpreted
as evidence that high-Tc superconductivty in MgB2 is
actually driven by the interband pairing by tuning the
chemical potential near a 3D–2D topological transion in
one of the subbands2,3,4,5. This tuning enhances the
critical temperature by a shape resonance6,7,8,9 in the
boron superlattice5,6,10,11 that is analougous to the Fes-
hbach resonance in ultracold atoms. In Al1−xMgxB2,
at x = 0.66, the overall monotonic dependence of Tc
on the Mg content x displays a pronounced kink, that
has been related to a 3D–2D crossover of the Fermi sur-
face associated with the boron σ subband4. Going from
x = 1 to x = 0.5, the E2g phonon mode energy ωE2g
increases from 70 to 115 meV, while the intra and inter-
band electron-phonon couplings are characterized by un-
conventional behaviours, reflecting the proximity to such
a shape resonance (see Ref. 3 and refs. therein).
A 3D–2D crossover in the σ subband can be described
in terms of an electronic topological transition (ETT) of
the ‘neck disruption’ kind, according to I. M. Lifshitz’s
terminology12 (see Refs. 13,14 for recent reviews) The
proximity to an essentially 2D ETT in the cuprates has
been recently connected with the non-monotonic depen-
dence of Tc on doping
15, with the universal dependence of
Tc on the in-plane hopping ratio
15,16, as well as with the
anomalous enhancement of the effect of superconducting
fluctuations on several transport properties above Tc
17.
Here, we consider the effect of the proximity to a 3D–
2D ETT on Tc and on the isotope effect of the diborides
within a mean-field approach to the two-band model18.
The total observed isotope exponent α in MgB2 amounts
FIG. 1: Typical Fermi surfaces of MgB2 below (left) and
above (right) the ETT. The lighter sheet refers to the pi sub-
band, which is characterized by 3D behaviour, and is almost
insensitive to the ETT. Tha darker sheet refers to the σ sub-
band, which is characterized by a 3D (left) to 2D (right)
crossover, as the ETT is traversed.
to ∼ 0.3, which is much smaller than the value α = 12
expected for a typical BCS superconductor19,20. This
has been interpreted in terms of strong electron-phonon
coupling within Migdal-Eliashberg theory21, although it
has been pointed out that nonadiabatic corrections may
be relevant to understand this anomaly22.
The σ and π subbands of the diborides can be de-
scribed within the tight-binding approximation by a
model dispersion relation
ξ
(i)
k
= ǫ(i) − 2t(i)[cos kx + cos ky + s(i) cos kz ]− µ, (1)
where k is a wavevector in the first Brillouin zone (1BZ),
i = 1, 2 label the σ and π subbands, respectively, t(i)
is the intralayer nearest-neighbour (NN) hopping ampli-
tude, s(i) denotes the ratio of the interlayer to intralayer
NN hopping amplitudes, ǫ(i) is the shift between the cen-
tres of the two subbands, and µ is the chemical potential.
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FIG. 2: Thermal energy kBTc divided by Debye energy ~ωD
as a function of µ− µc in the proximity of the ETT (vertical
dotted line). Solid lines correspond to ωD = 70 − 115 meV,
while dashed lines correspond to ωD = 200 − 600 meV (ωD
increases from top to bottom).
A value of s ≈ 1 can be used to describe a 3D subband,
while s ≪ 1 implies small dispersion along the z direc-
tion, and can be used therefore to model a quasi-2D sub-
band. In the following, we will specifically employ the
following set of parameters: t(1) = 0.6 eV, s(1) = 0.167,
ǫ(1) = 0, for the σ subband, and t(2) = 0.9 eV, s(2) = 1,
ǫ(2) = 2.9 eV, for the π subband. Fig. 1 shows the typ-
ical Fermi surfaces, ξ
(i)
k
= 0, for µ close to the ETT
value, µc = 2.19527 eV (cf. Ref. 23,24). One recovers a
3D Fermi sheet corresponding to the π subband, almost
insensitive to small changes of µ ∼ µc, and a tubular
Fermi sheet corresponding to the σ subband. As µ in-
creases from below to above µc, the latter Fermi sheet
undergoes a 3D to 2D ETT.
The densities of states (DOS) Ni(ξ) corresponding to
the model dispersion relations, Eqs. (1), have been de-
rived by several authors (see e.g. Ref. 25), also in-
cluding a next-nearest neighbour hopping term, which
is here neglected for the sake of simplicity. In the limit
s = 0, Ni(ξ) can be expressed analytically in terms of
elliptic integrals25, and is characterized by a logarithmic,
Van Hove singularity at ξ = 0. While the π subband
has an almost constant DOS around the ETT, due to its
3D character, the DOS corresponding to the σ subband
displays a pronounced kink at µ = µc, which is where
the Fermi surface changes its topology from 3D to 2D
(Fig. 1). To avoid confusion, it should be emphasized
that the quasi-Van Hove peak at µ = 0, which is a con-
sequence of the small value of s(1), will not be addressed
by the present discussion. The almost singular behaviour
at µ = 0 is related to another ETT (corresponding to a
change from hole- to particle-like character in the Fermi
surface26), whose relevance for the high-Tc cuprates has
been emphasized elsewhere (see e.g. Refs. 15,16,17, and
refs. therein).
Within the two-band model of superconductivity18,
the equation for Tc (essentially, the linearized BCS gap
 20
 25
 30
 35
 40
 45
 50
 55
 60
 65
 70
-200 -150 -100 -50  0  50  100
T c
 
[ K
 ]
µ − µc [ meV ]
FIG. 3: Critical temperature Tc as a function of µ − µc in
the proximity of the ETT (vertical dotted line). From top to
bottom, ωD increases in the range 100 − 500 meV at a fixed
step of 100 meV, while V12 ≃ 2.09, 1.66, 1.48, 1.37, 1.30.
equations for a two-band system) reads
−1 + V11F c1 + V22F c2 + (V 212 − V11V22)F c1F c2 = 0, (2)
where Vij are the effective coupling constants between
bands i and j,
F ci =
∫ ωD
−ωD
dξ Ni(ξ)χc(ξ), (3)
with ωD denoting the Debye frequency, and χc(ξ) =
(2ξ)−1 tanh(βcξ/2) the pairing susceptibility at the in-
verse critical temperature βc = (kBTc)
−1. In the ab-
sence of interband coupling (V12 = 0), Eq. (2) factor-
izes into two equations, and the critical temperature is
then the larger onset temperature of superconductivity
in each band18. In order to describe the superconduct-
ing diborides via the two-band model, a nonzero value
of the interband coupling is therefore important to guar-
antee two separate gaps, while retaining a single Tc, as
evidenced by first-principle calculations27 and observed
e.g. by point contact spectroscopy28.
We started by numerically evaluating Tc within the
two-band model of Eq. (2), as a function of the proximity
to the ETT, µ− µc. We employed V11 = 0.2, V22 = 0.1,
V12 = 2, while ωD = 70 − 115 meV (see Ref. 3 and refs.
therein). Within a rigid band approximation, a change in
the Al/Mg content in Al1−xMgxB2 is here parametrized
by a change in the chemical potential µ. The actual
relation between x and µ is expected to be nonlinear,
and has been studied to some extent in Ref. 4. Therefore,
we have neglected an explicit dependence of the coupling
constants and of the Debye frequency on µ, which may
be in principle derived by combining the results of Refs. 4
and 3. However, we do not expect that our results would
be changed much, at least qualitatively. Our results are
therefore in agreement with Fig. 1 of Ref. 4, showing the
experimental variation of Tc in Al1−xMgxB2 as a function
of Mg content x. In particular, we find a monotonic
increase of Tc when the ETT is traversed so that the σ
subband undergoes a 3D to 2D crossover. Exactly at the
3ETT, Tc = Tc(µ) is characterized by a shoulder, which
corresponds to the kink at x = 0.66 in the experimental
Tc = Tc(x) of Ref. 4.
In order to extract the isotope coefficient α =
(1/2)(∂ logTc/∂ logωD), we have evaluated ∂Tc/∂ωD at
fixed µ by differentiating Eq. (2) (see e.g. Refs. 25,29,30).
Specifically, we find downward deviations from the BCS
value α = 12 , with a minimum at the ETT. Such a min-
imum is more pronounced for larger values of the Debye
frequency ωD.
This is not surprising, as has been emphasized31 in con-
nection with the role of a logarithmic Van Hove singular-
ity for the anomalous isotope effect of the cuprates25,32.
A generic feature of a non-constant DOS is that of provid-
ing deviations (even divergences, when logarithmic singu-
larities are present) of α from its standard BCS value31.
This is a consequence of the asymmetry of the DOS,
which has to be evaluated at ξ = ±ωD in the expres-
sion for α29. Such an asymmetry is more pronounced
in the proximity to an ETT, where the DOS for the σ
subband displays a kink.
However, although the proximity to the ETT tends to
decrease the value of the isotope exponent α, the model
is not able to recover the anomalously low isotope effect
observed experimentally in the diborides. This is prob-
ably due to the oversimplification of the model, which
does not take into account strong-coupling effects21, the
nonlinear electron-phonon coupling in the E2g mode
33,
and, to a less extent, the unconventional doping depen-
dence of the electron-phonon couplings and of the phonon
energy4.
For the sake of completeness, we have numerically
studied Tc as a function of µ around the ETT varying the
other relevant parameters, i.e. ωD and V12. Fig. 2 shows
the µ-dependence of the adimensional ratio kBTc/~ωD
for fixed V12 = 2 and increasing ωD = 70− 115 meV and
ωD = 200−600 meV. One may conclude that the relative
enhancement of Tc near the ETT is greater for smaller
ωD. This is to be expected, since in this case the integral
in Eq. (3) selects a shorter energy ‘window’ around the
Fermi level, thus increasing the importance of the ETT.
On the other hand, Fig. 3 shows the µ-dependence of Tc
for increasing ωD = 100− 500 meV, with decreasing V12,
so to keep Tc(µ = 2 eV) ≈ const.
In order to compare with the experimental dependence
of Tc on Al content x in Al1−xMgxB2
4,34, we can estimate
the dependence of effective couplings λij (i, j = 1, 2) and
of the Debye frequency ωD of the E2g phonon mode on
the proximity µ− µc of the chemical potential from the
ETT by combining the results of Refs. 3,4,34, as is shown
in Fig. 4. Then, we can estimate the effective coupling
constants in Eq. (2) from λij = Vij
√
ninj , where ni is the
partial DOS associated with the i-th band. Fig. 5 then
shows our results for the critical temperature Tc and the
isotope coefficient α as a function of µ − µc. Indeed,
one finds a steeper dependence of Tc close to the ETT,
in qualitative agreement with the experimental results in
Al-doped MgB2
4,34.
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FIG. 4: Upper panel: Dependence of the E2g Debye fre-
quency ωD as a function of the proximity to the ETT, µ−µc.
Lower panel: Dependence of the effective couplings on µ−µc.
Lines are guides for the eye.
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FIG. 5: Critical temperature Tc (solid line, left scale) and
isotope exponent α (dashed line, right scale) as a function
of chemical potential µ − µc, in the proximity of the ETT
(vertical dotted line). Here, we assumed a phenomenologi-
cal dependence of the Debye frequency ωD and the effective
couplings λij on the chemical potential.
In conclusion, within the two-band model of supercon-
ductivity, we have studied the effect of the proximity to
a 3D–2D crossover (electronic topological transition) on
the doping dependence of the critical temperature and of
the isotope effect. The proximity to the ETT correctly
takes into account, both quantitatively and qualitatively,
for the enhancement of Tc as a consequence of a quan-
tum interference effect between the two electronic bands
4characterizing the diborides.
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